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Abstract 



< 

^ ■ This paper studies existence and uniqueness of solutions to generalized Volterra inte- 

gral equations. Since our proof for existence and uniqueness does not make use of Banach 
fixed point theorem unlike the previous papers focused on this subject, we can replace con- 
tinuity property of the kernel function with the weaker one rd-continuity The paper also 
covers results concerning the following concepts: The notion of resolvent kernel, and its 
00 ' role in formulation of the solution, the reciprocity property of kernels, Piccard iterates, rela- 

. tion between linear dynamic equations and Volterra integral equations, some special type of 

I kernels together with several illustrative examples. 

o 

1 Introduction 

^ [ The so-called Volterra integral equations find application in demography, the study of viscoelastic 
^ ■ materials, and in insurance mathematics through the renewal equation. Let a G R be a fixed 

" " " point and K be a complex- valued continuous function defined on the domain {(^, s)gR^: b > 
t > s > a}. Let / be a complex-valued continuous function defined on [a,b], then as is well 
known, Volterra integral equation of the second kind and of the first kind are defined by 

(p{t)=X K{t,f])(p{ri)dT] +f{t) for te[a,b], 

J a 

where A is a complex parameter, and 

K{t,f])cp{i^)df] = f{t) for t G 

J a 
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respectively. In the above equations, cp defined on [a, b] is a complex-valued continuous func- 
tion to be solved. The readers are referred the books [6, 12J for the fundamentals of this huge 
theory. And for the previous results on the dynamic generalization of these equations, the 
readers may refer to (ll [TTl and the references cited therein. 

The paper is arranged as follows: In § |2l we shall give a short account on the notion of 
time scale concept; in § |3l we will introduce and start studying generalized Volterra integral 
equations of the second kind; in §|4l generalized Volterra integral equations of the first kind will 
be introduced together with their relations with the second kind. Finally, in § |5l we conclude 
the paper by making some comments on nonlinear Volterra integral equations and systems. 

2 Preliminaries on Time Scales 

For a reader not familiar with the time scale calculus, we find helpful to introduce the fol- 
lowing introductory information. A time scale, which inherits the standard topology on R, 
is a nonempty closed subset of reals. Here, and later throughout this paper, a time scale 
will be denoted by the symbol T, and the intervals with a subscript T are used to denote 
the intersection of the usual interval with T. For i G T, we define the forward jump operator 
a : T —> T hy a{t) := inf(i, oo)^ while the backward jump operator |0 : T — > T is defined by 
p{t) := sup(— oo, t)j;, and the graininess function fi : T ^ Rq" is defined to be }i{t) := (7{t) — t. 
A point f G T is called right-dense if a{t) = t and/or equivalently }i{t) = holds; otherwise, it 
is called right-scattered, and similarly left-dense and left-scattered points are defined with respect 
to the backward jump operator. A function / : T — 7> R is said to be Hilger differentiable (or 
A-differentiable) at the point f G T if there exists £ G R such that for any £ > there exists a 
neighborhood U oi t such that 

I ifi^ii)) - /(s)] - ^Ht) - s] I < £\cr{t) -s\ for all s G U, 

and this present case, we denote f^{t) = i. We shall mean the Hilger derivative of a function 
when we only say derivative unless otherwise is specified. A function / is called rd-continuous 
provided that it is continuous at right-dense points in T, and has finite limit at left-dense points, 
and the set of rd-continuous functions are denoted by Cj.^(T, R). The set of functions Cjj(T,R) 
includes the functions / whose derivative is in Cj.j(T, R) too. For s, f G T and a function 
/ G Cj.j(T, R), the A-integral is defined to be 

Jji^)Ar]=F{t)-F{s), 

where f G Cj^(T,R) is an anti-derivative of /, i.e., f ^ = / on T^, where T"^ := T\{supT} if 
supT = maxT and satisfies |0(maxT) 7^ maxT; otherwise, T"^ := T. It should be noted that 
A-integral by means of the Reimann-sum is introduced in |[8l. 

A function / G Cj.j(T, R) is called regressive if 1 + 7^ on T'^, and / G Cj.j(T, R) is called 
positively regressive if 1 + //^ > on T^. The set of regressive functions and the set of positively re- 
gressive functions are denoted by TZ (T, R) and TZ~^ (T, R), respectively, and TZ~ (T, R) is defined 
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similarly. For simplicity, we denote by 7?.c(T, R) the set of regressive constants, and similarly, we 
define the sets 7^+ (T, R) and TZ~ (T, R) . 

Let / G 7^(T, R), then the generalized exponential function ef{-, s) on a time scale T is defined 
to be the unique solution of the initial value problem 

' x^{t) = f{t)x{t) foriGT'^ 
x{s) = 1 

for some fixed s G T. For G R+, set C/j := {z G C : z ^ -l/h}, Z/, := {z G C : 
— n/h < Img(z) < n/h}, and Cq := := C. For h G R(|, define the cylinder transformation 
^h-Ch^ by 

fz, ^ = 

'''^ ^ |^Log(l + z/z), h>0 

for z G C/j, then the exponential function can also be written in the form 

e/(f,s) :=exp|^ ^^(^) (/(?/)) A// 1 fors,^GT. 

It is known that the exponential function ef{-,s) is strictly positive on [s, oo)^ provided that 
/ G 7?.+ ([s, oo)Tr,R), while e^(-,s) alternates in sign at right-scattered points of the interval 
[s, oo)j; provided that / G TZ~ ( [s, oo)^^, R). For h G Rq~, let z, w G C/,, the circle plus and the circle 
minus are respectively defined by 

z-w 

z ©/j w := z + zy + zwn and zQ^w :- 



1 + wh' 

It is also known that 7e+(T,R) is a subgroup of 7^(T,R), i.e., G 7^+(T,R), /,g G 7^+(T,R) 
implies / g G 7^+(T,R) and ©^/ G 7^+(T,R), where ©^/ := ©^ / on T (see 10). 

The definition of the generalized monomials on time scales hj;- : T x T — > R are given as 
follows: 

'l, k = 



/ hfc_i(j/,s)A7/, G N 

. J s 



for s, i G T (see Q). Using induction, it is easy to see that hjt(i,s) > for all k G Nq and all 
s, i G T with f > s and (-l)''hfc(i, s) > for all G N and all s, i G T with t < s (see 
A relation between the exponential function and the monomials is given by 

00 

eA(^, s) = ^ A^h£(f, s) for s, f G T with t > s, 



where A G 7ec(T,R) (see H). 
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For / G C^^(T X T,R) if{-,s) G C^^(T,R) for each fixed s G T and f{t, •) G C^^(T,R) for 
each fixed t G T), we have 

Js Js Js J(t{c,) 

for s G T'^ and i G T (see BH), and at the end of the paper, we shall present a different proof of 
this result, which was given in [9] incompletely. 

Using the change of order formula above, we can obtain the alternative definition of the 
monomials as follows ^ 

hfc(i,s) = ^ hfc_i(i,(7(;y))A>/ forfcGN 

for s,i G T (see H). Therefore, for all G N, we see that h^i(i,s) = hfc_i(i,s) for all {t,s) G 
T'^ X Tandh^2(^^g) ^ -h^.i (f,cr(s)) for all (f,s) G T x 

It should be noted that if YlT=of^ ^ series of A-integrable functions on [a,b)j: which con- 
verges uniformly on [a, then 

rb ^ °° rb 

In other words, the series can be term-by-term integrable (see ||7|V 

The readers are referred to Q for further interesting details in the time scale theory 



3 The Generalized Volterra Integral Equation of the Second 
Kind 

Let T be a time scale and a G T and G T with b > a. We introduce the generalized Volterra 
integral equation of the second kind by 

(p{t) = \ f K(t,r])(p(f])Ai] + f{t) for f G [fl,fc]T and A G R (3.1) 

J a 

under the following primary assumptions: 

(HI) K G C^^(n(fl,fc),R) {K{-,s) G C^^([s,fc]T,]R) for each fixed s G [a,b]T andX(i,-) G 
Cj.jj( [fl, t]j:, R) for each fixed t G [a, b]j-), where 

n(fl,&) := {(f,s) gTxT: b>t>s>a}. (3.2) 

(m) f eC^^{[a,b]T,K). 

If we take a look at (|3.1|) , we see the integral element t] travels through the interval [a,t)j; C 
which means n(fc,fl) could be defined to be {(i,s) G T x T : b>t>s>a}. However, 
this set need not be compact, i.e., K may not be bounded. To over come this case, we defined 
n(&,fl) as in (TO. 

We continue with the following simple example. 
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Example 1. Let n G N, and consider 

where c G ^withc ^ [fl, &]t- For this equation, we have A. = —l,K{t,s) = {t — cY~^ I (Efc=i ~ 

c)^{ri — c)"~^) and f{t) = (t — c)"~^ / {a — c)" for t G [fl, fc]T- Using [Z Theorem 1.24(ii)] and letting 
(p{t) = l/{t — c) for t G [a, and substituting cp into (|3.1|) , we have 



+ _„ . , TF -^^^ 



rj=a 



[t-cY-^ 



{a-cY 

for all f G [fl, &]t- This shows that cp solves (|3.3|) . 



3.1 Existence and Uniqueness of Solutions 

In this section, we prove existence and uniqueness of solutions to (|3.1|) , which is the most im- 
portant result of this paper. 

Theorem 1 (Existence and Uniqueness). Assume that \(H1)\ and \(H2)\ hold. Then, for each A G M, 
Equation (|3.1|) admits a unique solution cp G Cj.j([fl, &]t,R). 



Proof Suppose for now that the formal power series of the form 

00 

J^cpi{t)\^ for te[a,b]T, (3.4) 



£=0 



where {(pn}neNo ^ sequence of continuous functions defined on [fl, fc]T/ satisfies (|3.4|) . We 
shall show later that the function series (|3.4|) converges absolutely and uniformly on [a, for 
|A| < 00. Substituting p.4|) into (|3.1)) , and arranging the resultant series, we get 

00 „f 00 

=Mt) + E (nit) - f K{t,fj)cpe-iin)An)^^ 

£=l \ Ja J 

for all i G [fl, fe]!-- By a comparison of the coefficients, we get the following relations 

[fit), n = 

'?-^~)=\ ^ i ^^ ^ tm ^rfG K&]t. (3.5) 

K{t,f])(pn-iirj)Arj, nGN 
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Since K and / are rd-continuous functions, there exist two constants L, M G R"*" such that 
\K{t,s)\ < M for all {t,s) G n{a,b) and \f{t)\ < L for all t G K&]t- Recall that every rd- 
continuous function (more truly regulated) is bounded on compact domains. Then, we have 

\(po{t)\<L and \(pi{t)\ < LMhi{t,a) for alH G [fl,fc]Tr, (3.6) 

and hence 

rt rt 

\(p2{t)\ <LM / \K{t,f])\hi{i],a)Ai] < LM^ / hi{r],a)Ar] 

J a J a 

=LM\2{t,a) 

for all t G [fl, fc]T- By the emerging pattern, we feel that 

\(pn{t)\ < LM"h„(i,fl) foralH G [fl,fc]T and n G N. (3.7) 
Indeed, assuming that (|3.7[) is true for n G N and using (|3.5[) , we get 

<LM" \K{t,T])\hn{r],a)Ar] < LM"+^ f\n{r],a)Af] 

J a J a 

= LM"+V+l(i,^j) 

for all t G [a, bjf, which proves that (|3.7|) is true for all n G N. It follows that 

00 00 ^ 

for all t G [a,b]T (|A|M > implies |A|M G 7^+(T,]R)), which proves that the series (13^ 
converges absolutely and uniformly on [fl, fejir for |A| < oo. Hence, cp defined by 

00 

(pit) ■■= E nit)^^ for t G [a,b]T, (3.8) 

£=0 

where the sequence {(pn}neTNo is defined recursively by (|3.5|) , is a solution of (|3.1|l . Up to here, 
we have showed existence of a solution, and what follows next is the proof of the uniqueness 
part. Suppose that there exist two different solutions, and denote by i/? G Cj.j([fl, IRq") the 
absolute value of the difference of these two solutions. Then, we see that ip satisfies 

il^{t) = A K{t,T])ilj{T])Ai] < |A|M ip{T])Ai] foralH G [a,b]T. (3.9) 

J a J a 

Applying the Gronwall inequality (see [2, Theorem 6.4]) to p.9|) , we see that xp{t) < for all 
t G [iJ, &]t/ i-e., xp = on [fl, ^Jt- This proves uniqueness of the solutions, and completes the 
proof. □ 

Remark 1. We have to note that if K G C(n(fl,&),]R) and / G C{[a,b]j:,'R.), then the unique 
solution of (|3.1)l is continuous. 
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3.2 Resolvent Kernels 



In this section, we shall obtain the unique solution of (|3.1|) in terms of some special functions. 
For this purpose, we introduce first the definition of iterated kernels. 

Definition 1 (Iterated Kernels). Assume that \(H1)\ holds. The sequence of rd-continuous functions 
{Kn}neKo defined recursively by 



Kn{t,s) :-- 



n = 



K{t,rj)Kn_i{f],s)Af], nGN 



for {t, s) G n(fl, b) and n G No (3.10) 



is called the sequence iterated kernels of (|3.1[) . 

The following result shows an interesting property of the iterated kernels. 
Lemma 1. Assume that \(Hl)\ holds. Then the iterated kernels {^n}neMQ of satisfy 

Kn{t,s) = f Kn-i{t,f])K{f],s)Ar] for (t,s) G n{a,b) and n G N. (3.11) 

Jo-{s) 

Proof. The claim is true for n = 1 trivially. Assume now that it is true for some n G N. For all 
{t,s) G n(fl, fc), we have 



Kn+i{t,s] 



t 

a(s 
t 

t 

(j(s 

t 

a(s 
t 

t 

(j(s 



K{t,r])Kn{i],s)Ar] 

Kit,rj)( f Kn-x{n'On^'S)A^A^ 

\ Jais) J 



t 



K{t,rj)Kn-i{rj,OK{C,s)ACArj 
K{t,rj)K„_r{rj,OK{C.s)ACAr] 
K{t,rj)K„_r{rj,0^fj]K{C,s)AC 



Kn{t,OK{C,s)AC, 



where we have applied the change of order formula (see Theorem [7| for A-integrals while pass- 
ing to the fourth line. The claim is hence true for (n + 1) too, and this completes the last step of 
the mathematical induction. We have thus proved that (|3.11|) is true. □ 

With the following lemma, we provide an upper bound for the iterated kernels. 

Lemma 2. Assume that \(Hl)\ holds. Then the iterated kernels {Kn}nehiQ of (|3.1|) satisfy 

\Kn{t,s)\ < M"+\n{t,s) for all {t,s) G Cl{a,b) andn G N, (3.12) 



8 



B. Karpuz 



where 

M:= sup |i<^(^s)|. 

{t,s)en{a,b) 

Proof. Clearly, we have (^/S) I = \K{t,s)\ < M for all (i, s) G n(fl, fc), and similarly, we obtain 

\Ki{t,s)\ < J lAr] = M\i{t,s) for all (i,s) G n(fl,fc). 
By a simple inductive argument, one has (|3.12[) . Thus the proof is completed. □ 



The following lemma shows that the terms of the series (|3.8|) , which converges to the unique 
solution (p of (|3.1|) , can be written in terms of the iterated kernels Kn and the forcing term /. 

Lemma 3. Assume that \(Hl)\ and \(H2)\ hold. Then the sequence {(pn}neMo defined by (|3.5|) satisfies 
(Pn{t) = I K„_i(t,i])f(r])Ai] for all t G [a,b]j: and n G N, 

J a 

where {Kn}ne'No the sequence of iterated kernels defined by (|3.10|) . 



Proof We proceed by mathematical induction. Trivially the claim holds for n = 1. Assuming 
its validity for n G N, we get 

(Pn+i{t) = I K{t,r])(pn{r])Ar] 

J a 

t rrj 



K{t,f])K„_,{f],Of{OA^Af] 

for all t G [fl, &]t- Applying the change of order formula to the right-hand side of the last 
equality above and using Definition [T] yield that 



cpn+x{t) =11 Kit,rj)Kn_,{rj,Of{OAnA^ 

Ja Jail) 



(.0 

' ( f K{t,n)K,_^{n,QAn]f{QA^ 
' Kn{t,Of{QA^, 

holds for all t G [fl, fc]T- This completes the proof by justifying of the last step of the mathemati- 
cal induction. □ 

The notion of the resolvent kernel given below plays an important role in the formulation 
of the unique solution (p of (|3.1)) . 
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Definition 2 (The Resolvent Kernel). Assume that \(Hl)\ holds. The series T : n,{a,b) x R — > R 
defined by 

00 

T{\;t,s) := J^Ki{t,s)\^ for {t,s) e n{a,b) and \ e IR (3.13) 

is called the resolvent kernel of (|3.1|) . 

As the resolvent kernel T is given by a series of functions, its convergence is therefore of 
theoretical interest. 

Theorem 2 (Convergence of the Resolvent Kernel). Assume that \(H1)\ holds. Let K and T be the 

kernel and the resolvent kernel of (|3.1|) , respectively. Then, the resolvent kernel F converges absolutely 
and uniformly for |A| < oo. 

Proof. It follows from Lemma |2] that 

00 oo 

|r(A;f,s)| <E|KK^s)A^| <MY,\X^\M%{t,s) = Me\^\^{t,s) 
1=0 i=o 
<Me\^M{^,a) 

for all {t, s) G n(fl, b) and A G R with | A| < oo. An application of Weierstrass M-test completes 
the proof. □ 

An interesting property between the kernel K and the resolvent kernel F is presented below. 

Theorem 3 (Reciprocity of Kernels). Assume that \(Hl)\ holds. IfT is the resolvent kernel of the kernel 
K, then the resolvent kernel of the kernel F is the kernel K itself. 

Proof It follows from (|3J3)l that 

00 

T{\;t,s) = \Y^Ke+i{t,s)\^ + Ko{t,s) for all (^s) G □(«,&) and A G R. (3.14) 

£=0 

Applying Theorem |2l we learn that reversal of the order of integration and the sum is permiss- 
able when | A| < oo. From (|3.14|) and LemmalU for all {t, s) G Q(fl, b), we obtain 

F(A;i,s) =Af; f K{t,r])Ke{r],s)Ar]]A'^ + K{t,s) 

£=0 V •^'^(s) / 

rt 0° 

=A / K{t,:^)i;^Ke{f],s)A^Af] + K{t,s) 



which yields 

r(s) 



Y{X;t,s)=xf K{t,f])T{A}y],s)Af] +K{t,s) for all (f,s) G n(fl,&). (3.15) 

Ja(s) 
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On the other hand, it follows from (|3.14|) and Lemma [1] that 



r(A; t, s) =A f; f Ke{t, f])K{f], s)Af]] + K{t, s) 
=X f T(\;t,r])K(r],s)Ari +K(t,s) 

Ja{s) 

for all {t, s) G n(fl, b), or equivalently, we have 

K{t,s) = -\f T{\;t,i])K{i],s)Af] +T(\;t,s) for all (^s) G Q(fl,fc). (3.16) 

Ja(s) 



Taking into account (|3.15|) and (|3.16|) , we complete the proof. □ 



Now, we are in a position to prove the unique solution cp of (|3.1|) in terms of the resolvent 
kernel T and the forcing term /. 

Theorem 4. Assume that \(H1)\ and \{H2)\ hold. If I is the resolvent kernel of the kernel K, then the 
unique solution of (|3.1|) is given by 

(pit) =X f r(A; t, f]) f{rj)Af] + f{t) for t G [a, b]^. 

J a 

Proof By dH]), (Q, dMl) and Lemma H we have 

00 

£=0 



for all t G [fl, fc]T- By Theorem |2l we can reverse the order of integration and the sum is per- 
missable when |A| < oo. Thus, we obtain 

=^ f (ZUt,r,)Af{r,)Ar^+f{t) 

=A fn\;t,f])fif])Aii+f{t) 

for all t G [iJ, &]t- This completes the proof. □ 

3.3 Picard Iterates 

We start this section with a famous sequence of functions, which converges the solution uni- 
formly. 
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Definition 3 (Picard Iterates). Assume that \(Hl)\ and \(H2)\ hold. The sequence of rd-continuous func- 
tions {(pn}neKo defined by 

(pn{t) := X f K{t,r])(pn-i{r])Ar] + f{t) for t e [a,b]f and n e 'N, (3.17) 

J a 



where cpo G Cj.j([fl, IR) is chosen an arbitrarily, is called the sequence of Picard iterates to (|3.1|) . 
Now, we prove another existence and uniqueness result for (|3.1|) under weaker conditions. 



Theorem 5. Assume that \(Hl)\ and \(H2)\ hold, and that {cpn}neNo be the sequence of Picard iterates of 
(|3.1|) Then, asn ^ oo the function cpn tends uniformly to the rd-continuous unique solution of (|3.1|) . 



(3.18) 



Proof. We shall first show by mathematical induction that 

\(pn{t) - (pn-i{t)\ < |A|"LM"h„(i,fl) + |A|"-iNM"-V-i(i,fl) for all f G [a,b]T 
and all n G N, where 

L := sup |^o(OI' M := sup \K(t,s)\ and N := sup \f{t) — (po{t) 

te[a,b]T: {t,s)en.{a,b) feMx 



Clearly, we have 



A K{t,rj)(po{?])Ar]+f{t)-cpo{t) 

J a 



<|A| 



+ 1/(0 - Mi) 



<\\\LMh.i{t,a)N 



for all t G [a, b]j-, which shows the claim is valid for n = 1. Assume now that the claim is true 
for some n G IN, then we have 



\(Pn+l{t) - (Pn{t)\ =|A| 

= |A| 



t f-t 
K{t,f])(pnir])Af] - K{t,i])(pn-iif])Ar] 



<|A|M 



|A|"LM"h„(7,fl) + |A|"-iNM"-X-i(7,fl) M 



= |A|"+iLM"+X+i(^fl) + |A|"NM"h„(f,fl) 

for all t G [fl, fc]T/ which proves that the claim is also true when n is replaced with {n + 1] 
Hence, we have justified (|3.18|) . We shall show now that the sequence 



n-l 

(po+Y^ [(pe+1 

i=0 



{(pn}n 



6No' 



(3.19) 
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where the empty sum is assumed to be zero, converges uniformly. From (|3.18|) and (|3.19|) , we 
have 

n-l 

Wn{t)\ <\(po{i)\ + E km(0 - (Peii)\ 

£=0 
n-l 

<\(Po{t)\ + E |A|^+^LM^+^h^+i(^fl) + \\\^NM%{t,a) 



(3.20) 



for all t G [a, h\j: and n G Nq. Letting n — ^ oo, we can estimate for all t G [a, fc]T that 



J] |A|^+iM^+V+l(i/«) ^ e|;^|M(i,fl) - 1 and YL e\;,\M{^,a), 

£=0 £=0 

which implies 

\\f+^LM^+%+r{t,a) + \\\^NM\{t,a) = (L + N)e,^|M(^fl) - L < (L + N)e|;,,M(&,fl) - L 
for all t G [fl, fc]T- It follows from the Weierstrass M-test that the infinite series 

00 

(po{i) + E We+^^i^) - 'PKO] for t G [a,b]T, 

£=0 

whose sequence of partial sums is {cpn}neNo' converges uniformly. Let cp := lim„^.oo on 
[a, b]f. Letting n — > oo on both sides of (|3.17|) and reversing the order of limit and the integral, 
we see that the function cp satisfies (|3.1|) . This together with Theorem [l] completes the proof. □ 

Let us illustrate this result with an example. 

Example 2. Consider the following Volterra integral equation 



cp{t) = [ (p{r])Af] + 1 forte [a, b]^. 

J a 



(3.21) 



Clearly, when we corn-pare (|3.1|) with \3.21) , we see that K = 1 on Cl{a, b) and f = 1 on [a,b]j'. Let us 
compute the sequence ofPicard iterates to (|3.21[) with the initial term cpo = 1 on [a, b]j;. Then, we have 



(Pii 



[t) = Ari + 1 =hi(f,fl) + 1 

J a 

(p2{t) = f (hi(7,fl) + l)A;7 + l =h2(^,fl) +hi(f,fl) + 1 

J a 

for t G [fl, &]t- % repeating in the same manner, we get 



£=Q 
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which yields 

n 

lim (Pn{t) = lim y^h^(i/^) = ei(i, fl) fort G [fl, &]t- 
r/zzs z's exactly the unique solution of (|3.21|) . 



3.4 Application to Linear Dynamic Equations 

In this section, we prove a connection between the Volterra integral equations and initial value 
problems of the form 

y^"(0 + E P«-(Oy^'(0 = ^(0 for t g t'^" ^^^2) 

y"^' (s) = yi for z = 0, 1, . . . , n — 1, 

where n G N, s G T'^""' and pi, q G C^^(T, R) for z = 1, 2, . . . , n. 
Lemma 4. If a function y G C"^(T,R) soZues \3.22) , then y^" soZues 

/t n — 1 w— 1 n—i—1 

l^Pr,_,{t)K-,-i{t,a{r]))(p{r])Af] + q{t)-Y, E yfc+iPn-^ (Ohfc(i, s) forteT^". 
i=0 i=0 k=Q 

(3.23) 

Proof. Let the function y G C|?^(T,]R) solve (13:221) . From Taylor's formula (HI Theorem 1.113]) 
we get 

n—i—l 

y''\i)= E yk+tMt^s)+ K-r-i{t,cr{n))y''"{n)M (3-24) 

fc=0 '^'^ 

for all ^ G T'^' and z = 0, 1, . . . , n - 1. Substituting (13^241) into (13:221) , we have 

y^"(0+ EPn-KOf E yfc+zhfc(^s)+ fK-i-i{t,(r{v))y^"{v)M) =^(0 foralUGT'^" 
!=o V fc=o -^^ / 



proving that y solves (|3.23|) . □ 

It is not hard to see that (13:23b is of the form (l3Jl) with A = -l,K{t,s) = Z'^Jli Pn-i{t)K-i-i{t,(r{s)) 



„H-1 



and f{t) = q{t) - Z"=o Lk=o~^ yk+iPn-i{t)i^k{t>s) for t G T'^" and s G T*^" \ The uniqueness of 
the solution cp of the initial value problem (|3.22[) corresponds exactly to that of (|3.1|) . 

Remark 2. Method introduced above can be used to solve integro-dynamic equations of the 
form 

n—l ■ m ft 

y^"(0 + E Pn-.(Oy^'(0 + E / H^,v)y''' {n)M = ^ for t g t^" 

_ y^' (fl) = y, for z = 0, 1, . . . , n — 1, 

where m, n G N, a G T''""' and p^, G C^^(T, R) for z = 1, 2, . . . , n and G C^^(T x T, R) for 
= 0, 1, . . . , m. 
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3.5 Kernels of Polynomial Type 

In this section, we confine our attention to Volterra integral equations with a kernel of the 
following type 

w-l 

K{t, s)=Y^ pn-i{t)K-i-i {t, (r{s)) for t G [a, &]t, (3.25) 

i=0 

where n G N and {pk}^=\ complex-valued rd-continuous functions on [a, h]^- 
Let A G R, and consider the initial value problem 

y^"(0-AX;p„-,(%^'«=0 for^GT^" 
yA''^(s) = 5i^n-i forz = 0,l, ...,n-l, 

where s G T'^ / P; G Cj.^(T, R) f or z = 1, 2, . . . , n and 5 is the Kronecker's delta. 

The following lemma shows that the resolvent kernel F of (|3.1|) with a kernel K of the form 
(|3.25|) can be computed by means of the unique solution of the dynamic equation (|3.26|) . 

Lemma S.lfY is the resolvent kernel of the kernel K given in (|3.25|) , then for \ ^ 0,we have 

r(A; t, s) = -y^" (A; t, s) for t G T"" and s G T""'', 
A 

w/iere i/(A; •,§) denotes the unique solution of (|3.26|) . 

Proof. Then using Lemma HI, we see that the corresponding integral equation for (|3.26|) is 

nt n—1 n—1 
■^'^(^^ 1=0 1=0 



or simply 

= A K{t,f])(p{r])Ar] +\K{t,s) 

Ja(s) 



by letting ^ := y^" (A; •, s) on T*^". By Definition|2l Theorem|2]and TheoremHl we have 

=A / T{\;t,r])\K{i],s)Af] +\K{t,s) 

Ja{s) 

=A E f K^i, s) A^) A^+i + AK(f, s) 



?=0 

00 

=AE*^m(^s)A^+i + A]<:(f,s) 

£=0 



=Ar(A; s) 



Volterra integral equations 



15 



for all t G T^" . Therefore, if (|3.1|) has a kernel of type (|3.25|) , then the resolvent kernel T is given 
by 

-y^ (A; t, s) for i G T'' and s G T'' , 
A 

where i/(A; •, s) is the unique solution of (|3.26[) . □ 

As an application of Lemma |5l we have the following illustrative example. 
Example 3. Let us obtain the resolvent kernel for the integral equation 

(p{t)= f\i{t,a{i]))cp{i])AT]+f{t) forte[a,b]T, (3.27) 

where f is a rd-continuous function defined on [a, Here, we have \ = 1, K = h^^ on a{b,a), and 
pi =0 and /?2 = 1 on [a, bjf. Then, (|3.26|) reduces to 

'y^\t)-y{t)=0 forteT-' 
y''{s) =Oandy^''{s) = 1, 

whose unique solution is given by 

1 1 

y^^'^'^) = Wrr, — TTveU^s) + — -— e_i(f,s) fors,t^ T 

2(l + ^(s)) 2(l-?^(s)) 

provided that — 1 G TZ^{T,M). The resolvent kernel of (|3.27|) is therefore given by 

r(f,s;l) =y^'(^s;l) =y(^s;l) = ei{t,s) + — --^e.i{t,s) 

2(l + ^(s)) 2(1 -^(s)) 

for t G T"^' and s G T'^. 

3.6 Kernels of Convolution Type 

In this section, we shall study Volterra integral equation of the second kind on an unbounded 
domain. We start this section with the definition of the generalized Laplace transform on time 
scales (see EHIl). 

Definition 4 (Laplace transform). Let supT = oo. For a given f : [a,oo)j; — > R, the Laplace 
transform is defined by 

C{f}{z-a):= f{f])eQ^,z{a{i]),a)Ar] forzeVf, 

J a 

where Df consists of complex regressive constants for which the improper integral coverges. 
The following definition is firstly introduced in [,4, Definition 2.1]. 
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Definition 5 (Shift of a function). For a given f : [a,oo)j; — )■ R, the solution of the partial dynamic 
equation 

' cp^^ (f, s) + cp^^^^^t, s) = 0, s) G [s, oo)xK X [a, oo)^. ^g) 

(p{t,a) = f{t), t G [a,oo)^ 

is called the shift off and is denoted by f. 

Definition 6 (Convolution). For given functions f,g : [a,co)j; R, their convolution f * g is 
defined by 

{f*g){t)-= f f{i,(r{r]))g{v)^V forte[a,oo)j 



or equivalently 



{f*g)it)-= I f{f])g{t'<n))^n fort e [a, oo)t^. 

J a 



Let sup T = cx), and we consider the following type of Volterra integral equation of the 
second kind ^ 

(p{t) =A f K{t,a{rj))(p{rj)Arj+f{t) for f G [a, oo)t, (3.29) 

where K,f e C^^{[a,oo)f,R) and A G R. 

If K,f are of some exponential order, i.e., there exist L,M G Rq" and a, /3 G 7^+([fl, oo)x,R) 
such that \K{t)\ < Mep{t,a) and \ f{t)\ < Leu{t,a) for alH G [a,oo)f. Then the Laplace trans- 
form of (|3.29|) exists on (7, 00)^, where 7 := max{a, /3} (see [5J). 

We would like to illustrate the discussion above with the following example. 

Example 4. Consider the equation 

(p{t) = 2 f cosi [t,a{r]))(p{r])Ar] + sini(t,a) fort G [a,oo)'j. (3.30) 

J a 

Clearly, when (|3.30|) zs compared to (|3.29|) , Zfe ^flue = 2cosi(i,fl) and /(i) = sini(^,fl) for 
t G [a, oo)j; . Since, we have 

z 1 
£{cosi(-,fl)}(z;fl) = ^2j^i /^{sini(-,fl)}(z;fl) = _^ ^ forz G (1,oo)]r, 

2z 1 
1 

/:{(p}(z;fl) = (^3Y)2' ^^"^"^^ 
Taking the inverse Laplace transform of (|3.31|) , we obtain the solution as 

(p{t) = Tcvi{t,a)e\{t,a) fort G [fl, &]t/ 
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where 

1 

v!\\{t,s) := J ^ ^ Aji^fj) for s,t and \ ^'Rc{[a,h\'j,'R). 

However, one should (can) justify validity of these solutions since uniqueness of the Laplace transform 
on time scales has not been given yet, that is, the inverse may not he unique. 

Remark 3. Let m,n ^ N, then the solution of the following system of equations with convolu- 
tion type kernels 

n rt 



<Piit) = E / K,,j{t,a{f]))cpj{rj)Arj+f,{t) 

: 1 J a 



n rt 



cp2{t) = f;^l K2,j{t,crif]))cpj{rj)Ar]+f2{t) 

7=1 •^'^ for t G [fl, oo)x. 



(Pm{t) = E / Km,j{t,(T{r]))(pj{i])Ar] + fm{t) 
7=1 

where Kjj, f G C^.^ ( [a, oo)tp, R) for z = l,2,...,m and j = 1,2, . . . ,n, can be obtained by making 
use of the Laplace transform. 

We have another illustrative example below. 

Example 5. Let us solve the following system of integral equations 

(pi{t) = -2 f e2{t,a{ri))cpi{ri)Ari+ fcp2{n)M + '^ 

jf l-t ■'^ /or f G [fl,oo)Tr. (3.32) 

(P2{t) = - / (pi{r])Ar]+4: / hi{t,cr{r])) (p2it])Af] + 4hi{t,a) 

J a J a 

Taking the Laplace transform of (|3.32|) and denoting by <I>i := C{(pi}{-;a) and <I>2 := C{(p2}{-;a), we 
get 

cDi(z) = -A-<Di(z) + ^02(z) + ^ 
z — 2 z z 

02(z) = -^cI>i(z) + ^cD2(z) + l. 



(3.33) 



Solving (|3.33|) /or <l>i and <I>2, we obtain 

z 1 



^>i(z) 



rz + l)2 Z+l (Z + 1)2 



3z + 2 _81_81 1 1 



(3.34) 



(z-2)(z + l)2 9z-2 9z + l 3(z + l)2' 
Taking now the inverse Laplace transform of (|3.34|) to obtain the solution to (|3.32|) , we gef 

</'i(0 =eGi(i/«) -mei(i,fl)eei(i,fl) 

8 8 1 

'P2(0 =^e2(^fl) - -eei{t,a) + -mQi{t,a)eQi{t,a) 
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for t G [fl, &]t- The validity of these solutions should (can) be justified because of the absence of unique- 
ness of the Laplace transform on time scales. 

4 Generalized Volterra Integral Equation of the First Kind 

In this section, we shall consider 

K{t,rj)(p{r])Ar] = f{t) f or i G [a,b]T, (4.1) 
where K G C^^(n(fl,&),R) and / G C^d([fl, &]t,1R). 

4.1 Transform to the Second Kind 

In this section, we will write (|4.1|) in the form of (|3.1|) under some conditions. We see obviously 



that if f{a) ^ 0, then (|4.1|) has no solutions. 



Theorem 6. Assume that K,K^^ G C^^(n(fl,&),R), / G Cj^([fl,&],]R) and that K{cr{t),t) ^ Ofor 
all t G [a, bjfK. Then (|4.1|) admits a unique solution on [a, b]j;K. 



Proof. Differentiating (|4.1[), we get 

^ K^^{t,r])cp{r])Ar] +K{cr{t),t)cp{t) = f^{t) for t e [a,b]T. 

J a 

or equivalently, 

which is a Volterra type integral equation of the first kind. An application of Theorem [1] com- 
pletes the proof. □ 

Remark 4. In the case K[a{t),t) = for some t G [fl, fclxt and K G C^^{0,{a,b),K) has rd- 
continuous partial derivatives of higher order with respect to its first component. Then we may 
proceed similarly for showing existence and uniqueness of solutions to (|4.1|) . 

We finalize the paper with the following simple application of Theorem [6l 

Example 6. Consider the following equation 

f cosi {t, a{i])) (p{ri)Ari = hi (t, a) for t G [a, b]^, (4.2) 

where wehave K = cos^^ on n{a,b), and f = hi(-,a) on [a,b]j:. Differentiating (|4.2|), we get 

cosi [a{t),a{t))(p{t) — I sini [t,a{f]))(p{r])Ar] = 1 for t e [a,b]'][K 

J a 
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or equivalently 

cp{t) = / sini [t, a {rj)) (p{r|)^r| + 1 for t e [a,b]TK. (4.3) 

J a 



Clearly, (|4.3|) involves a kernel of convolution type. Hence, taking the Laplace transform of (|4.3|) , we 
have 

+ 1 z 

which yields 

1 + z^ 1 1 

*w = ^ = ?+? 

Sznce f/ze Laplace transform of the function h2{-,a) + 1 gives the right-hand side of (|4.4|) , we gef 



^(^) = h2(^fl) + 1 for t e [a,b]j:, 
which can be shown to be the desired solution to (|4.3|) and also (|4.2|) . 



5 Further Comments 

Consider the following nonlinear type of Volterra integral equation: 

(p{t) = \ f F{t,r],(p{f]))Ar] + f{t) for f G [fl,&]T and A G R, (5.1) 

J a 



where / satisfies |(H2)| and 



(H3) F : Cl{a,b) x [— a, a;]]R — > R is rd-continuous on n{a,b) and continuous on [— a, 0:]^ (for 
some a. G R"*"). There exist L, M G R+ such that F is bounded by M, i.e., 

\F{t,s,x)\ <M for all (i,s,x) G n(fl, fc) x [— a,A;]]R 

and satisfies the Lipschitz condition with the constant L, i.e., 

\F(t,s,x) — F(t,s,y)\ <L\x — y\ for all x,yG [— A;,a;]]R, 
where (i,s) G Cl(a,b). 

Denoting by c := max[fl, a + S]'f, where S := min{fc — a,a/M}, one can define the sequence of 
successive approximations {(pn}neNQ by 

r fit), n = 

9nit)=<ft , . for fG[a,c]T 

F{t,r],(pn-i{f]))Af], n G N 

as in (|3.5|) to prove that {cp„ jneNo is uniformly convergent on n(fl, c) x [— a, a;]]R and the limiting 
function is the unique solution of (|5.1|) on [a, c]t, which is extendable to [a, (r(c)]x (see |[T0|). 
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In the nonlinear case, we can give an error bound for the Picard iterates. Let cp be the unique 
solution of (|5.1|) and {(pn}neno t'e the Picard iterates defined by 

:= A f F[t,f],(pn-i('i]))Af]+f(t) for ^ G [fl,c]T and n G N, 

J a 

where cpo G C_^^{[a, &]x, ]R) is chosen arbitrarily. Then, by induction, we have 

\cp{t) - cpn{t)\ < |A|"+^ML"h„+i(i,fl) + |A|""iNL"h„(i,fl) f or alH G [fl,c]T and n G No, 

(5.2) 

where 

N:= sup \f{t) - cpo{t)\. 

In im Theorem 4.1], an upper bound for the generalized polynomials is given by 

(t - s)^ 

hfc(i, s) < ^ , ^ for all s, i G T with t > s and k G Nn. 
kl 

This fact shows that the right-hand side of (|5.2[) tends to as n ^ oo. 

The results of this paper can be generalized to the following system of Volterra integral 
equations: 

(p{t)=\f K{t,r])(p{r])Ar] +f{t) for f G [fl,&]T and A G C, 

J a 

where m e 'N, K : Cl{a,b) ^ ^mxm ^^d / : [a,b]f — )• R'^ are locally bounded A-integrable 
matrix functions. 

Next, as we have mentioned in § |2l we now restate and give the complete proof of HI 
Lemma 1] concerning double-iterated integrals. 

Theorem 7 (Change of Integration Order). Let a G T, & G T with b > a and assume that f : 
T xT ^ Kis A-integrable on {(f,s) G T x T : b > t > s > a}. Then, 



/ / f{r^,^)A^Ay^ = / f{rj,^)ArjA^. 

Ja Ja Ja Jcr(g) 

Proof. Define g : T x T ^ R by 



' f{t,s), b > t > s > a 
g{t,s):={0, b>t = s>a fors,iGT. (5.3) 

-f{s,t), b > s > t > a 



Then 

r-fe pb rb pt] rb rb 



g{rj,^)A^Arj = I I g{rj,^)A^Arj + [ I g{v,^)A^Arj 

Ja Ja Ja Jfj 

g{r],^)A^Af] + f t g{r],^)A^Ar] + [\{r])g{r],r])Ar]. 

a Ja Ja J criji) Ja 
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Note that the integral variables ^ and t] in the first and the second integral above vary in {tj, ^) G 
{{t,s) G T X T : b > t > s> a} and {t],^) G {{t,s) G T x T : b > t> a{s) > a} D {{t,s) G 
TxT: b > t > s > a}, respectively. And integral of g over the set {(f, s) G T x T : b > t > 
a{s) > a}\{{t,s) gTxT: b > t > s > a} C {{t,t) G T x T : b> t> a}isO. This gives us 

/' = f f f{r],0mv - f l\ f{^,v)^^M- (5-4) 

Ja Ja Ja Ja Ja Jcryy]) 

On the other hand, the function g defined by (|5.3|) is anti-symmetric on the domain [fl, &)t x 
[a, b)^, and thus the right-hand side of (|5.4|) is 0, which together completes the proof. □ 

Remark 5. The conclusion of Theorem[7]is true when / G (Z^^{Ci{a, &),R). 

Remark 6. An n-f old integral can be considered as a finite repetition of double-iterated integrals 
and Theorem [7| can be applied from the inmost integration to the outer one as many as needed. 
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